Robust Optimization and Learning

Kartikey Sharma
kartikey.sharmaazib.de

Zuse Institute Berlin

14 January 2021

joint work with Kevin-Martin Aigner, Kristin Braun, Frauke Liers and
Sebastian Pokutta




What is the problem?

P B) Kartikey Sharma kartikey.sharma@zib.de - RO & Learning 1/15



What is the problem?

de =de(14+058&) £ecl={&|¢& <[o,1]Ve}

P B) Kartikey Sharma kartikey.sharma@zib.de - RO & Learning 1/15



What is the problem?

de =de(14+058&) £ecl={&|¢& <[o,1]Ve}

&e ~ Unif[o,1]

min Eecu[d(€) Y]

styeyY

P B) Kartikey Sharma kartikey.sharma@zib.de - RO & Learning 1/15



What is the problem?

de =de(14+058&) £ecl={&|¢& <[o,1]Ve}

fe ~ Unif[07 1] ge € [Oa 1]

. T . T
min Becu/[d(€)'y]  min maxd(¢)'y
styeyY styeyY

P B) Kartikey Sharma kartikey.sharma@zib.de - RO & Learning 1/15



What is the problem?

de =de(14+058&) £ecl={&|¢& <[o,1]Ve}

€e ~ Unif]o, 1] e €[0,1] e € [0,1], E[Se] = e
min E¢cy/[d(€) V] min maxd(g)'y min maxE[d(€)'y]
styeyY styey styey

P B) Kartikey Sharma kartikey.sharma@zib.de - RO & Learning 1/15



What is the problem?

de =de(14+058&) £ecl={&|¢& <[o,1]Ve}

€e ~ Unif]o, 1] e €[0,1] e € [0,1], E[Se] = e
min E¢cy/[d(€) V] min maxd(g)'y min maxE[d(€)'y]
styeyY styey styey

P B) Kartikey Sharma kartikey.sharma@zib.de - RO & Learning 1/15



Distributionally Robust Optimization

i Esplf(Xx,s
min max s plf(x,5)]

e P referred to as the ambiguity set
e Multiple ways to define the set (M bet set of probability
measures)
® Moment Constraints P = {p € M | |Ep[s] = u,Ep[s?] = 0}
* Distance Constraints P = {p € M | |dw(p, po) < €}
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Model

Assumptions
¢ Finite scenario set
e Limited knowledge about scenario probabilites
e Over time the parameters [! and ut which are bounds on the
probability estimate change.
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Probability Bounds

Confidence Intervals: Multinomial Distribution
e ?—estimator:

nj—c nij+c 2y
tuf]=|——— = il
[”’ [ t 7t +t]

e Maximum Likelihood estimator:
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where g =f (1— %), & =¢*+ (4nj¢) (1— %)
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Algorithm

Possible Methods
e Direct Solution
e Use duality theory to reformulate the inner maximization problem
e Online Learning

® Alternate between the inner maximization and outer minimization
problems
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Algorithm: Direct Solution

Dual Reformulation

min 7T
X7z7a’6

z—-(HTa+WhH'B<r

f(x,8) —z+as—Fs<0,VseS
a,8>0

XxeX.
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Algorithm: Online Learning

Player x
® |nput: p;
* solve minyex E[f (X, s)] with solution x
e Qutput: xt

Player p
® Input p, Xt
e Make a projected mirror descent step as per the following
® Priq = argminpept (—n'VpEsp- [f(XE,5)], p) + Vpe(p) with
Vpe(p) = Lses pslog (%)
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Theoretical Results

Assumptions

e Convexity
e Each uncertainty set P; C P;_,

Theorem
Rp(T) + Rx(T)
Esplf(X,5)] — = Esp.[f(x,5)] < A AR
max E plf(X,5)] Xng)g 5?3% s~pelf (X, 8)] < T
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Proof

Steps
® Prove regret bounds for each optimization step

T T
D Esplf (e, 5)] = min > Esvp[f(x,5)] < Re(T)
t=1

t=1

T T
max > " Esplf(%,5)] = D Espi[f(%:,5)] < Rp(T)

P
pEPT t=1

e Combine the above equations
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Numerical Experiments

Experiments

e Quadratic progams
e Network Flow problems

Setup

e Python 3.8 and Gurobi 9.1
e At each time we report

e Optimal objective for reformulation
e Worst case for the current solution of the online problem
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Numerical Experiments: Quadratic progams

Worst-case expected objective value Worst-case expected objective value
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e Convex Quadratic Program (QPLIB 3871)
e Avg Time for RO problem 28.41s, 46.95s
e Avg Time for Adversarial problem 12.12s, 15.89s
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Numerical Experiments: Network Flow problems

Worst-case expected objective value
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e Multi Commodity Network Flow problem
e Avg Time for RO problem 0.54s
e Avg Time for Adversarial problem 0.14s
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Conclusion

e The online learning method is faster however it takes many
rounds to achieve comparable solution quality

e The numerical results verify the theoretical counterparts
indicating decreasing regret.

e The assumptions for the theoretical results are very strict
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Confidence Interval Methods

Confidence intervals for variable 0
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Sublinear Regret
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