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st.xeC
where

® C C R"is a compact convex set

e f:R"” — R is a smooth convex function

® Sparse logistic regression ® |Low-rank matrix completion
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Feasible region C Linear minimization Projection

01 /0 /L so-ball O(n) O(n)

tprball, p e ]1,00[\{2}  O(n) N/A

Nuclear norm-ball O(nonzeros) O(mnmin{m, n})
Flow polytope O(n) O(n*9)

Birkhoff polytope O(n?) N/A

Matroid polytope O(nlIn(n)) O(poly(n))

N/A: no closed-form exists and solution must be computed via general optimization

® Can we avoid projections?
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The Frank-Wolfe algorithm

The Frank-Wolfe algorithm (Frank & Wolfe, 1956) a.k.a. conditional gradient
algorithm (Levitin & Polyak, 1966):

—Vif(x)

Algorithm Frank-Wolfe (FW)
Input: xo € C, v+ € [0,1].
1: fort=0to T —1 do

2 v+ argmin(Vf(x), v)
vel
3: Xt+1 (*Xt+’}/t(vt *Xt)
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vel
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® x:11 is obtained by convex combination of x; € C and v; € C, thus x;11 € C
® FW uses linear minimizations (the “FW oracle") instead of projections

® FW = pick a vertex (using gradient information) and move in that
direction

® Successfully applied to: traffic assignment, computer vision, optimal
transport, adversarial learning, etc.
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The Frank-Wolfe algorithm

Theorem (Levitin & Polyak, 1966; Jaggi, 2013)

Let C C R" be a compact convex set with diameter D and f: R" — R be a
L-smooth convex function, and let xy € arg min,.-(Vf(y),v) for somey € C. If

Ve = 135 (default) or v = min {%, 1} (“short step”), then

4LD?
t+2

f(xe) — mcin f <
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Let C C R" be a compact convex set with diameter D and f: R" — R be a
L-smooth convex function, and let xy € arg min,.-(Vf(y),v) for somey € C. If

Ve = 135 (default) or v = min {%, 1} (“short step”), then

4LD?
t+2

f(xe) — mcin f <

® The convergence rate cannot be improved (Canon & Cullum, 1968; Jaggi,
2013; Lan, 2013)

o Why?
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The Frank-Wolfe algorithm

Consider the simple problem %0

1
min |3 .

0\ (-1 (1 X3 6282
s.t.xEconv<<1>,<0),<0)> 4
and x* = <8>
0
® let xg = (1>

® FW tries to reach x* by moving towards vertices

® This yields an inefficient zig-zagging trajectory
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Improved Frank-Wolfe variants

® Away-Step Frank-Wolfe (AFW) (Wolfe, 1970; Lacoste-Julien & Jaggi,
2015): enhances FW by allowing to move away from vertices
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® Away-Step Frank-Wolfe (AFW) (Wolfe, 1970; Lacoste-Julien & Jaggi,
2015): enhances FW by allowing to move away from vertices

® Decomposition-Invariant Pairwise Conditional Gradient (DICG) (Garber &
Meshi, 2016): memory-free variant of AFW

® Blended Conditional Gradients (BCG) (Braun et al., 2019): blends FCFW
and FW
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Boosting Frank-Wolfe

® Can we speed up FW in a simple way?

® Rule of thumb in optimization: follow the steepest direction

Idea (C & Pokutta, 2020):
® Speed up FW by moving in a direction better aligned with —Vf(x;)

® Build this direction by using C to maintain the projection-free property
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Boosting Frank-Wolfe

How can we build a direction better aligned with —V(x;) and that allows
to update x;,1 without projection?
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direction vo — x;
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® How can we build a direction better aligned with —Vf(x;) and that allows
to update x;,1 without projection?

o v € argmax, o (—VF(xt),v)

Aolp = %(w) — Xt)
n = —Vf(Xt) — )\ouo
e vi € argmax,cc{n,v) —Vi(xt)
_ ({n,vi—x) _
Ao = g (v - xe) %

n=n—>Auw Vo

e We could continue:
V2 € argmax, ¢ (2, v)

o d = Mup+ A\itn
e g =d/(Ao+ A1)
® The boosted direction g; is better aligned with —Vf(x;) than is the FW
direction vy — x; and satisfies [x;, x; + g¢] C C so we can update
Xer1 = Xe + Ve8¢  for any 7. € [0,1]
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Boosting Frank-Wolfe

Why [x¢, x: + g:] € C? Let K; be the number of alignment rounds. We have

Ke—1
d= Z Ak(vk — xt) where Ay >0 and v, €C
k=0
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Why [x¢, x: + g:] € C? Let K; be the number of alignment rounds. We have

Ke—1
d= Z Ak(vk — xt) where Ay >0 and v, €C
k=0

so if Ay = Z;C:ol Ak, then

1 Kl =
8t = /Tt Z )\k(Vk _Xt) = (At ;} )\ka> —X¢

k=0

ecC

Thus, x; + g+ € C so [x¢, Xt + gt] € C by convexity
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Boosting Frank-Wolfe

Algorithm Finding a direction g well aligned with V from a reference point z

Input: z€ C, VeR", KeN\{0},4e]0,1].
1: do+ 0, A0
2: for k=0to K—1do

3: re < V — dk

4: vy < argmax, o (rk, v)

5: U < arg maXUE{Vk—Zv—dk/HdkH}<rk’ u)

6: Ak (re, uk) /[l

7: di < di + Akuk

8: if align(V, di) — align(V, d«) > § then

9: dk+1 < dL

{/\—I-)\k ifuu=vi—2z
10: t
AL = A/l dill)  if ue = —di/||dk|

11: else
12: break
13: g+ di/A

> k-th residual
> FW oracle

> exit k-loop

> normalization
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1: do+0,A<+0

2: for k=0to K —1do
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Algorithm Finding a direction g well aligned with V from a reference point z
Input: z€ C, VeR", KeN\{0},e]0,1].

1: do+0,A<+0

2: for k=0to K —1do

3: re <V — dg > k-th residual
4: vy < argmax, o (rk, v) > FW oracle
5: Uk <= arg MaXye (v, 5 _d, /||de ||} %> U)
6: Ak (re, uk) /[l
7: di < di + Akuk
8: if align(V, d;) — align(V, dx) > § then
9: dk+1 < dL
{/\—I-)\k ifuu=vi—2z
10: t
AL = Ae/lldkll) i ue = —di/||dill
11: else
12: break > exit k-loop
13: g+ di/A > normalization

® Technicality to ensure convergence of the procedure (Locatello et al., 2017)

® The stopping criterion is an alignment improvement condition (typically
§=10"%and K = +o0)
12/40



Boosting Frank-Wolfe

Algorithm Frank-Wolfe (FW)
Input: x, € C, v+ € [0,1].
1: fort=0to T — 1 do

2 v+ argmin{Vf(x), v)
veC
3: Xt+1 <*Xt+")/t(vt *Xt)

Algorithm Boosted Frank-Wolfe (BoostF\W)
Input: xo €C, 7+ € [0,1], K € N\{0}, § €]0,1].
1: fort=0to T — 1 do
2: g < procedure(x;, —Vf(x.), K,0)
30 Xeq1 & Xt T Vet
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Boosting Frank-Wolfe

X0

Algorithm Frank-Wolfe (FW)
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2: g < procedure(x;, —Vf(x.), K,0) _
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® What is the convergence rate of BoostFW?
® |s BoostFW expensive in practice?
® How does it compare to the state-of-the-art?
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Boosting Frank-Wolfe

® Let N; be the number of iterations up to t where at least 2 rounds of
alignment were performed (FW = always 1 round)

Theorem (C & Pokutta, 2020)

Let C C R" be a compact convex set with diameter D and f: R" — R be a
L-smooth, convex, and p-gradient dominated function, and let

Xo € argmin,co(Vf(y),v) for some y € C. Set v, = min {%, 1}
(“short step”) and suppose that Ny > wt. Then

2

. LD oI
= < —0°—
f(xt) min f< 5 P ( ) Lwt)
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® The assumption N; > wt simply states that N; is nonnegligeable, i.e., that
the boosting procedure is active
® Else, BoostFW reduces to FW and the convergence rate is LD

2
® In practice, N; = t (so w S 1)
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® For BoostF\W and AFW we also run the line search-free variants (the

“short step” strategy) and label them with an “L"
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Computational experimen
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Boosting DICG

® DICG is known to perform particularly well on the video co-localization
experiment (YouTube-Objects dataset)

® BoostDICG: application of our method to DICG
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® BoostFW is an intuitive and generic procedure to speed up Frank-Wolfe
algorithms
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® BoostFW is an intuitive and generic procedure to speed up Frank-Wolfe
algorithms

® Although it performs more linear minimizations per iteration, the progress
obtained greatly overcomes their cost

® The boosting procedure can be applied to any descent direction —d;
(obtained from, e.g., momentum acceleration, stochasticity, etc.):

g + procedure(x;, —d;, K, 9)
Xt4+1 = Xt + V8¢
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Large-scale optimization

Consider

min {f(x) = %Z f,-(x)}

i=1
st.xeC
where
® C C R" is a compact convex set
® fi,...,fm: R" — R are smooth (non)convex functions

® m>>1is very large
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Large-scale optimization

Consider

min {f(x) = %Z f,-(x)}

i=1
st.xeC
where
® C C R" is a compact convex set
® fi,...,fm: R" — R are smooth (non)convex functions

® m>>1is very large

Computing f(x) or Vf(x) is too expensive
e Cannot use line search

® More efficient to use an estimator V£ (x) to get approximate (but cheap)
gradient information
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Stochastic Frank-Wolfe algorithms

Template Stochastic Frank-Wolfe
Input: x € C, v+ € [0,1].
1: fort=0to T — 1 do
2. Update the gradient estimator Vf(x;)

30 v argmin(V£(x), v)
veC
4. Xt+1 — Xt + ’Yt(Vt — Xt)
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4: X1 < Xt + ’Yt(Vt — Xt)

Typical analysis: let &, := f(x;) — min¢ f, then by smoothness, convexity, and
Cauchy-Schwarz,

Eleest] < (1 70)Eled +2ELTF(x) — VAx)ID + 5302

By Jensen's inequality,

EIF(x) — VAl < ENTF(x) — V() 2]

To obtain E[e;] = O(1/t), we need E[||Vf(x;) — VF(x:)|*] = O(1/t?)
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Stochastic Frank-Wolfe algorithms

® The vanilla Stochastic Frank-Wolfe algorithm (SFW) estimates the
gradient by averaging over a minibatch of size b;:

~ 1 & . . iid.
Vf(xt)eb—tZVf,-(xt) where i, ..., & U([1, m])

I:il
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e Using variance reduction, the Stochastic Variance-Reduced Frank-Wolfe
algorithm (SVRF) (Hazan & Luo, 2016) satisfies
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® The vanilla Stochastic Frank-Wolfe algorithm (SFW) estimates the
gradient by averaging over a minibatch of size b;:

~ 1 & ii
Vi(x) & 4 ST Vhi(x) where ... i < U([L, m])
i= I1
This estimator is unbiased and its variance is bounded by

2
E[IVF(x) — VF(x)|I?] < % where G = nﬁlax max||Vf(x)||
t

so b, = O(t?) works

e Using variance reduction, the Stochastic Variance-Reduced Frank-Wolfe
algorithm (SVRF) (Hazan & Luo, 2016) satisfies

E[IVF(xt) = VF(x)IIP] < %(E[&] + E[&)

and b; = ©(t) works (by induction)

® See also, e.g., Shen et al. (2019), Yurtsever et al. (2019), Xie et al. (2020),
Zhang et al. (2020), Négiar et al. (2020)
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Stochastic Frank-Wolfe algorithms

Algorithm  Update V£(x;)

’bt

SFW b - Z Vfi(x)
1 &

SVRF V(%) + 5 ;(Vﬁ-(xt) — V£i(%))
1

SPIDERFW  Vf(%) + - > (VA(x) = V(xe-1))

II1

1 ’bt 1 ’bt
ORGFW - Zw xe) + (1= pt) (Vf(xt 1) — —Zw Xe— 1))

II1

CSFW Xt 1 —|—§:< a,,xt [Oét_l],'> aj
- {(1/m)ﬁ.'(<a,-,xt>) if i€ {ir,... in}

[ove—1]i else

II1
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The Adaptive Gradient algorithm

Simultaneously proposed by Duchi et al. (2011) and McMahan & Streeter
(2010):

Algorithm Adaptive Gradient (AdaGrad)
Input: xo €C, 6 >0, n7>0.

1l: fort=0to T —1do B

2. Update the gradient estimator V£ (x;)

t
3 Hy«diag [ 01+ | ) VF(x)
s=0
. 1
4 xen - argminn(VF(x),x) + 5 lx - xell%,
xXE
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s=0
. 1
4 xen - argminn(VF(x),x) + 5 lx - xell%,
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* We denote ||ul|, = (u, Heu)

® The default value for the offset is § «+ 108
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The Adaptive Gradient algorithm
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E
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By first-order optimality condition (Polyak, 1987),

Xerr € argmin [x — (x; - nH V() |,
xXE

Ignoring the constraint set C for ease of exposition, we obtain
Xpp1l ¢ X — nHt_lﬁf(xt)

i.e., for every feature i € [1, n],

n[ﬁf(xt)]i

o+ \/ Zzzo[ﬁf(xs)]?

® The offset § prevents from dividing by zero

[Xt+1]i — [Xt]i -

® The step-size automatically adjusts to the geometry of the problem
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The Adaptive Gradient algorithm

We have
s ¢ bl - —— I Pl
3+ 1/ ool VF()I?

so

o If [Vf(x)]i =...=[VF(xe—1)]i = 0 and [Vf(x;)]; > 0 (feature i is

“rare”) then
[xera]i = [xe]i —n
o If [Vf(x)]i=...=[VFf(x)]; =1 (feature i is “common”) then

~ - N
[Xt+1]i ~ [Xf]' \/m

Larger step-sizes are given to infrequent (but potentially very informative)
features whenever they appear so that they do not go unnoticed. This adjusts
the trajectory of the iterates
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Frank-Wolfe with adaptive gradients

® How can we use adaptive gradients in FW?

26/40



Frank-Wolfe with adaptive gradients

® How can we use adaptive gradients in FW?

* Let G, = H;'Vf(x;), then unconstrained AdaGrad is

Xt+1 < Xt — nGt

26/40



Frank-Wolfe with adaptive gradients

® How can we use adaptive gradients in FW?
* Let G, = H;'Vf(x:), then unconstrained AdaGrad is
Xt+1 < Xt — nGt
Could we do
Ve <— argmin{Gg, v)
veC

Xer1 < Xe + Ve(ve — x¢)

as did FW for unconstrained gradient descent (for which G, = Vf(x;))?

26/40



Frank-Wolfe with adaptive gradients

® How can we use adaptive gradients in FW?
* Let G, = H;'Vf(x:), then unconstrained AdaGrad is
Xt+1 < Xt — nGt
Could we do
Ve <— argmin{Gg, v)
veC

Xer1 < Xe + Ve(ve — x¢)

as did FW for unconstrained gradient descent (for which G, = Vf(x;))?

® We would likely lose the precious properties of the descent directions of
AdaGrad
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Frank-Wolfe with adaptive gradients

® |nstead, consider the constrained subproblem occurring at every iteration:

o 1
Xty1 — arg "C“n n(VF(xt),x) + §||X - Xt”%—lt
xe
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Frank-Wolfe with adaptive gradients

® |nstead, consider the constrained subproblem occurring at every iteration:

o 1
Xty1 — arg "c“n n(VF(xt),x) + §||X - Xt”%—lt
xe

® This can become quite expensive and inefficient overall
® Note that AdaGrad is usually used for unconstrained optimization
Idea (C et al., 2020):
® Solve the subproblem using FW (sliding technique (Lan & Zhou, 2016))
® Run only a small and fixed number K of iterations of FW (K ~ 5)

® We claim that leveraging just a small amount of information from the
adaptive metric H; is enough
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Frank-Wolfe with adaptive gradients

Template Frank-Wolfe with adaptive gradients
Input: xo €C, 0 < A\; <Ay < AL <AF, KeN\{0}, >0, €0,1].
1: fort=0to T —1do B
2: Update the gradient estimator V£ (x¢)
Update the diagonal matrix H; and clip its entries to [A\;, \{]
(t) <— Xt
fork_OtoK—ldo )
V@) = V) + -l =)
t
/O

N aR®

«— arg min(VQt(ykt)), v)
vel

_ vQ (t) 7 ® _ 0
8: ’Y,((t) < min {nt< t(yk ) y‘((t)Hz k >,’Yt
— v

H (t)
9: Yirr v+ 9y, (t)—yp)

10: Xt41 < y}( )
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Frank-Wolfe with adaptive gradients

Template Frank-Wolfe with adaptive gradients
Input: xo €C, 0 < A\; <Ay < AL <AF, KeN\{0}, >0, €0,1].
fort=0to T — 1 do B

Update the gradient estimator V£ (x¢)

Update the diagonal matrix H; and clip its entries to [A\;, \{]

yét) <— Xt

for k=0to K —1do )

V@) = V) + - =)
t

ye

N gk e

«— arg min(VQt(y,Et)), v)
vel

_ vQ (t) 7 () _ 0
’Yit) < min {Ut< t(yk ) y‘((t)”z k >a’7t
—v,

H (t)
9: Yirr v+, (t)—yp)

10: Xt41 < y}( )

®

® Lines 4-9 apply K iterations~of FW to
minxec {Qt(x) = f(x) + (VF(x),x — x¢) + %WHX - Xt||f_,t}
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Frank-Wolfe with adaptive gradients

Template Frank-Wolfe with adaptive gradients
Input: xo €C, 0 < A\; <Ay < AL <AF, KeN\{0}, >0, €0,1].
fort=0to T — 1 do B
Update the gradient estimator V£(x¢)
Update the diagonal matrix H; and clip its entries to [A\;, \{]
(t) <— Xt
fork_OtoK—ldo )
V@) = V) + -l =)
t
/O

N gk e

«— arg min(VQt(ykt)), v)
vel

) vQ (t) 7 () _ 0
’y,((t) < min {nt< t(yk ) y‘((t)Hz k >,’Yt
— v

H (t)
9: Yirr v+ 9y, (t)—yp)

10: Xt41 < y}( )

®

® Lines 4-9 apply K iterations~of FW to
minxec {Qt(x) = f(x) + (VF(x),x — x¢) + 2%%”)( - Xt||f_,t}

® AdaX depending on the strategy for @f(xt): AdaSFW, AdaSVREF, etc.
28/40



Frank-Wolfe with adaptive gradients

Theorem (C et al., 2020)

Let C C R" be a compact convex set with diameter D and fi,...,fn: R" — R
be L-smooth convex functions. Then AdaSFW with b, < (G(t + 2)/(LD))2,
ne < A; /L, and v < 2/(t + 2) satisfies

2LD*(K + 1+ k)
t+1

E[f(x:)] — mcin f<

where k = \{ /Ay
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Theorem (C et al., 2020)

Let C C R" be a compact convex set with diameter D and fi,...,fn: R" — R
be L-smooth convex functions. Then AdaSFW with b, < (G(t + 2)/(LD))2,
ne < A; /L, and v < 2/(t + 2) satisfies

2LD*(K + 1+ k)
t+1

E[f(x:)] — mcin f<
where k = \{ /Ay

® In practice, no need to know G, L, D and simply set b, = ©(t?)

® Also no need for A\;, \ and can set 7; to a constant value

® AdaSVRF and AdaCSFW also yield O(1/t) convergence

® If f,...,fy are nonconvex, then AdaSFW converges to a stationary point

at a rate O(1//t)
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Computational experiments

® We compare our method to SFW, SVRF, SPIDER-FW, ORGFW, and
CSFW on a wide range of experiments
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Computational experiments

® We compare our method to SFW, SVRF, SPIDER-FW, ORGFW, and
CSFW on a wide range of experiments

® For the experiments with convex objectives, we run AdaX where X is the
best performing variant

® For the neural network experiments, CSFW is not applicable and we run
AdaSFW only

® |n addition, we run AdamSFW, a variant of AdaSFW with momentum
inspired by Kingma & Ba (2015); Reddi et al. (2018)

® Weset K~5
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Support vector classification on a synthetic dataset

1 .
min — ; max{0,1 — y;(a;, x)}

st |x|leo 7

— SFW
—— SVRF
] —— SPIDER-FW
T —— ORGFW
5 — CSFW
g 100 ~—— AdaCSFW
5
Z
10t
a
&)
z 10°
©
3
a
107t
0 5 10 15 0 20 40
Gradient evaluations /m CPU time (s)
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Linear regression on the YearPredictionM

min — E a
x€ER™ m (y’ i

s.t. ||><||1 <7
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Logistic regression on the RCV1 dataset

1
min —
xER" m 4

st x|l < 7

Z In(1 + exp(—yi(ai, x)))
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Convolutional neural network on the MNIST dataset

® Each layer of the neural network is constrained into an {1-ball

g 109 N
2
° — SFW
2 — SVRF —_—
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= —— ORGFW
—— AdaSFW  wAumavwivind
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e AdamSFW strongly outperforms the other methods
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Neural network with one hidden layer on the IMDB dataset
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Neural network with one hidden layer on the IMDB dataset

® Each layer is constrained into an fo.-ball

® AdaSFW and AdamSFW are the only ones to outperform SFW

107t

Training loss
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Epoch
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CPU time (s)

® AdamSFW reaches its maximum test accuracy very fast (good for early stopping)

® AdaSFW yields the best test performance, despite optimizing slowly over the

training set
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® Each layer is constrained into an {,.-ball
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Convolutional network on the CIFAR-10 dataset

® Each layer is constrained into an {,.-ball
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Convolutional network on the CIFAR-10 dataset

® Each layer is constrained into an {,.-ball
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® AdaSFW and AdamSFW strongly outperform the other methods

® AdaSFW and AdamSFW are the only ones to outperform SFW
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Thank you!
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